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$Gr_{\mathrm{C}2}=Rac2/pr\sim 7800$ . , $Ra_{\mathrm{c}1}\sim Ra\mathrm{C}2$
, $Pr\sim 0.22$
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, ,
$(Ra, \mathrm{A})$ . ,
$A$ , $0<A<2.8$ , $Ra$
2
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$A=10$ . $Pr=0.1$ 0.7
.
2
$D_{0}^{*}$ , $D_{\mathrm{i}}^{*}$ .
, $\nu^{*}$ , $\kappa^{*}$ ,
$\gamma^{*}$ . 2 , 1 ,
, $x^{*}$ ,
$r^{*}$ , $\theta$ .
, , $T_{i}^{*}$ ,
$T_{\mathrm{o}}^{*}(<T_{\mathrm{i}}^{*})$ . , ,
.
, $L^{*}=(D_{\mathrm{O}^{-}}^{*}D)\mathrm{i}^{*}/2$ , $L^{*2}/\kappa^{*}$ ,
$\delta T^{*}=T_{\mathrm{i}}^{*}-T_{\mathrm{o}}^{*}$ . 2
2 . , $\phi$
$\Phi$ $T$ . ,
$T=\Phi+\phi$ , $\Phi=a\log r+b$ , (1)




$\frac{\partial\Delta\psi}{\partial t}-\frac{1}{r}J(\psi, \Delta\psi)=Pr\Delta^{2}\psi+\cdot\frac{1}{r}PrRa\frac{\partial\phi}{\partial\theta}\cos\theta+PrRa(\frac{\partial\phi}{\partial r}+\frac{a}{r})\sin\theta$ , (2)
3
$\frac{\partial\phi}{\partial t}-\frac{1}{r}J(\psi, \emptyset).+\frac{a}{r^{2}}\frac{\partial\psi}{\partial\theta}=\Delta\emptyset$ . (3)
, ,
$A$ , $Ra$ , $Pr$ .
$A= \frac{D_{\mathrm{i}}^{*}}{L^{*}}$ , $Ra= \frac{\gamma^{*}g^{*}\delta T^{*}L^{*3}}{\kappa^{*}\nu^{*}}$ , $Pr= \frac{\nu^{*}}{\kappa}*\cdot$ (4)
9* $J(r, \theta)$ $\Delta$ .
$J(f,g)= \frac{\partial(f,g)}{\partial(r,\theta)}$ , $\Delta=\frac{\partial^{2}}{\partial r^{2}}+\frac{1}{r}\frac{\partial}{\partial r}+\frac{1}{r^{2}}\frac{\partial^{2}}{\partial\theta^{2}}$. (5)
$\mathrm{u}$ , $\psi$ .
$\mathrm{u}=(u, v)=(-\frac{1}{r}\frac{\partial\psi}{\partial\theta},$ $\frac{\partial\psi}{\partial r})$ . (6)
, . ,
$\psi=\frac{\partial\psi}{\partial r}=0$ , $\phi=0$ , at $r= \frac{A}{2}$ , $\frac{A}{2}+1$ (7)
. ,
$\psi(r, \theta)=\psi(r, \theta+2m\pi)$ , $\phi(r, \theta)=\phi(r, \theta+2m\pi)$ (8)




(2), (3) $\partial/\partial t=0$ , $(\overline{\psi},\overline{\phi})$
.
$- \frac{1}{r}J(\overline{\psi}, \Delta\overline{\psi})=Pr\Delta^{2}\overline{\psi}+\frac{1}{r}PrRa\frac{\partial\overline{\phi}}{\partial\theta}\cos\theta+P.rRa(\frac{\partial\overline{\phi}}{\partial r}+\frac{a}{r})\sin\theta$, (9)
$- \frac{1}{r}J(\overline{\psi},\overline{\phi})+\frac{a}{r^{2}}\frac{\partial\psi}{\partial\theta}=\Delta\overline{\phi}$ . (10)
(9), (10) (7) $(\overline{\psi},\overline{\phi})$ .
, ,
. ,
$\psi(r, \theta)=-\psi(r, -\theta)$ , $\psi(r, \pi+\theta)=-\psi(r, \pi-\theta)$ , (11)
$\phi(r, \theta)=\phi(r, -\theta)$ , $\emptyset(r, \pi+\theta)=\emptyset(\pi-\theta)$ (12)
4
. , $(\overline{\psi},\overline{\phi})$ ,
.
$\psi(r, \theta, t)=\overline{\psi}(r, \theta)+\psi’(r, \theta, t)$ , $\phi(r, \theta, t)=\overline{\phi}(r, \theta)+\phi’(r, \theta, t)$ . (13)
, $\psi’(r, \theta, t)$ $\phi’(r, \theta,t)$ $\psi’(r, \theta, t)=\hat{\psi}(r, \theta)e\lambda \mathrm{o}t$ $\phi’(r, \theta, t)=$
$\hat{\phi}(r, \theta)e\lambda_{0}t$ . $\lambda_{0}$ . (13) (2),(3) ,
(9) (10) , $(\hat{\psi},\hat{\phi})$ ,
$\lambda_{0}\Delta\hat{\psi}_{=}\frac{1}{r}\{J(\overline{\psi},\hat{\emptyset})+J(\hat{\psi},\overline{\phi})\}+Pr\Delta 2\hat{\psi}+\frac{1}{r}PrRa\frac{\partial\hat{\phi}}{\partial\theta}\cos\theta+PrRa\frac{\partial\hat{\phi}}{\partial r}\sin\theta$ , (14)
$\lambda_{0}\hat{\phi}=\frac{1}{r}\{j(\overline{\psi},\hat{\emptyset})+J(\hat{\psi},\overline{\emptyset})\}-\frac{a}{r^{2}}\frac{\partial\psi}{\partial\theta}+\Delta\hat{\phi}$ (15)
.
, $\lambda_{0}$ ${\rm Re}(\lambda_{0})$ , ${\rm Im}(\lambda_{0})$ , ${\rm Re}(\lambda_{0})>0$
, ${\rm Re}(\lambda_{0})<0$
, ${\rm Re}(\lambda_{0})=0$
. , ${\rm Re}(\lambda_{0})={\rm Im}(\lambda_{0})=0$ , , .
$-\text{ ^{}\backslash }\backslash$ . , ${\rm Re}(\lambda_{0})=0$ ${\rm Im}(\lambda_{0})\neq 0$
, $f={\rm Im}(\lambda_{0})/(2\pi)$ . ,





. , $\psi$ $\phi$ ,
, . ,
(2), (3) , $-1<\eta<1$ \neq - $x$ $\text{ }$ .
$\eta=2(r-\frac{1}{2}(A+1))$ . (16)
, $\psi$ $\phi$ .
$\psi(\eta, \theta, t)=\sum^{2-}\sum_{nm==0}^{N}M/-M/\iota 2amn(t)^{\approx}T_{n}(\eta)e^{\mathrm{i}m\theta}$,
$\phi(\eta, \theta, t)=\sum^{M}m=/2-1M/2n=0\sum b(mni)N.\tilde{\tau}_{n}(\eta)e^{\mathrm{i}m\theta}$ , (17)
5
$(m=-M/2, \ldots, M/2-1, n=0,1, \ldots, N)$ .
$\psi$ $\phi$ , $a_{(-m)n}=a_{mn}\dagger$ , $b_{(-m)}n=b_{mn}\dagger$ .
,\dagger . $M,N$ , $(a_{mn}(t),bmn(t))^{T}$
. , $T_{n}(\eta)\approx,\tilde{T}_{n}(\eta)$ ,
, $n$ .
$T_{n}(\eta)=\approx(1-\eta^{2})2T_{n}(\eta)$ , (18)
$\tilde{T}_{n}(\eta)=(1-\eta 2)\tau(n\eta)$ . (19)
(17) (2), (3) , $\eta$
.
$\mathrm{C}\frac{\mathrm{d}}{\mathrm{d}\mathrm{t}}\mathrm{X}=\mathrm{Y}+\mathrm{Z}$. (20)
, , $\eta$ , ,
.
$\eta_{i}=\cos(\frac{i+1}{N+2}\pi)$ , $(i=0,1, \cdots, N)$ . (21)
(20) , X $(a_{mn}(t),bmn(t))^{T}$
. $\mathrm{Y},$ $\mathrm{Z}$ (2), (3) . , $\mathrm{C}$
, $2\cross(M+1)\cross(N+1)$ . $\Delta t$
, $\mathrm{Y}$ . , $\mathrm{Z}$ .
$\supset-$ , . $\text{ },$ .
, FFT .
4.2
, (9), (10) $(\overline{\psi},\overline{\phi})$ . ,
, (16) , $-1\leq\eta\leq 1$
,
$m$ . ,
(11), (12) , .
$\overline{\psi}(\eta, \theta)=\sum_{m=0n}^{M}\sum_{0=}a_{m}n\tau Nm\approx(\eta)\sin\{(n+1)\theta\}$ ,
$M$




Aa $=\mathrm{B}$ , (23)
6
, a $=(a_{00}, a01, \ldots, a_{M,\text{ }}, b00, b_{01}, \ldots, bM,N)^{\tau}$ , A $\mathrm{B}$
$2\cross(M+1)\cross(N+1)$ . , –
.
$\eta_{i}=\cos(\frac{i+1}{N+2}\pi)$ , $(i=0,1, \cdots, N)$ (24)
$\theta_{i}=\frac{2i+1}{2(M+1)}\pi$ $(i=0,1, \cdots, M)$ . (25)
(23) . .
4.3
, (14), (15) $(\hat{\psi},\hat{\phi})$ ,
, $m$




$\hat{\psi}(\eta,$ $\theta)=\sum\sum a_{mn}T_{m}(\eta\approx)\sin\{(n+1)\theta\}$ ,
$m=0n=0$
$\hat{\phi}(\eta, \theta)=\sum_{m=0n}^{M}\sum_{0=}^{\text{ }}b_{mn}\tilde{\tau}_{m}(\eta)\cos(n\theta)$ , (26)
:
$\hat{\psi}(\eta, \theta)=\sum_{m}M=0n\sum_{=0}NamnTm\approx(\eta)\cos(n\theta)$ ,





Ca $=\lambda_{0}\mathrm{D}\mathrm{a}$ , (28)
, a $=(a_{00}, a01, \ldots, aM,\text{ }, b00, b_{0}1, \ldots, bM,N)^{\tau}$ , $\mathrm{C}$ $\mathrm{D}$ 2 $\cross$
$(M+1)\cross(N+1)$ . , -
, (24) $,(25)$ .
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2: Bifurcation diagram. $A=10,$ $Pr=0.7$.
5
, $A=10$ ,
$0.1\leq Pr\leq 0.7$ ,
. , (17)
$M=64,$ $N=14$ , $\Delta t=1.0\mathrm{X}\mathrm{l}0-3$ .
(22), (26), (27) $M=64,$ $N=14$ .
, , $M=128,$ $N=20$




, $P\gamma=0.7$ $2(\mathrm{a})$ .
$2(\mathrm{a})$ , $Ra$ , $u_{1}$ . $2(\mathrm{a})$
, $2(\mathrm{a})$ $\mathrm{T}$ ( )
, $\mathrm{O}\mathrm{B}$ , (Saddle-node bifurcation $\mathrm{p}_{0}\mathrm{i}\mathrm{n}\mathrm{t}$) $\mathrm{s}$
ASC ( [Imperfect Trans-critical
bifurcation] ). , , OA
BSC $\mathrm{T}$ (Trans-critical bifurcation)
. , $\mathrm{O}\mathrm{A}$ BSC
8
$\mathrm{T}$ , $\mathrm{T}\mathrm{B}$ TSC $\mathrm{T}$
. , $2(\mathrm{a})$ , $Ra=5000$
$-45^{\mathrm{O}}<\theta<45^{\mathrm{O}}$ .
$2(\mathrm{a})$ , OTA ,
.
2 . BTSC
2 . $\mathrm{B}\mathrm{T}$ $u_{1}>0$ ,
, 4 . TSC
$u_{1}<0$ , 2 .
4 2 $\mathrm{T}$ – . $\mathrm{S}$
$\mathrm{T}$
$Ra_{\mathrm{S}}=19,14.1$ $Ra_{\mathrm{T}}=1920.7$ , $\mathrm{T}$
$\mathrm{S}$ .
$2(\mathrm{a})$ , $\mathrm{O}$
$\mathrm{O}\mathrm{A}$ $\mathrm{O}\mathrm{T}$ , $\mathrm{T}$ , TA
. $\mathrm{T}$ TB . , $\mathrm{T}$ TSC
$\mathrm{T}\mathrm{S}$ , $\mathrm{S}\mathrm{C}$ . , $Pr=0.7$
. , $Ra<Ra\mathrm{s}=\iota 914.1$
1 , $Ra=Ra_{\mathrm{S}}$ , $Ra_{\mathrm{S}}<Ra<Ra_{\mathrm{T}}=1920.7$
3 . 1 , 2 . $Ra=Ra_{\mathrm{T}}$
, OTA ,
STB . 2
. , $2(\mathrm{a})$ ,
. , $Pr=0.7$ $Ra_{\mathrm{S}}<Ra_{\mathrm{T}}$




. $Pr=0.3$,0.275, 0.1 , 3
. , $Pr=0.3$ 3
. $Pr=0.3$ $Pr$. $=0.7$ , OTA
, BTSC 2 .
$\mathrm{T}$ – , $\mathrm{B}\mathrm{T}$ 4
, TSC 2 . $\mathrm{S},$ $\mathrm{T}$
$Ra_{\mathrm{S}}=2078.4,$ $Ra_{\mathrm{T}}=2228.2$ . $\mathrm{S}$ , $\mathrm{T}$
.
, 3 , $\mathrm{O}$
OTA $\mathrm{O}\mathrm{T}$ , $\mathrm{T}$ ,
TA . , $\mathrm{T}$ $\mathrm{T}\mathrm{B}$ ’\Gamma Hl
, $\mathrm{H}_{1}(Ra_{\mathrm{H}_{1}}=2351.1)$ (Hopf bifurcation) ,
$\mathrm{H}_{1}\mathrm{B}$ . $\mathrm{T}$ 1 TSC $\mathrm{T}\mathrm{S}$ .
, $\mathrm{S}$ $\mathrm{S}\mathrm{C}$ $\mathrm{S}\mathrm{H}_{2}$ , $\mathrm{H}_{2}(Ra_{\mathrm{H}_{2}}=2228.2)$
9
$Ra$
3: Bifurcation diagrams. $A=10,$ $Pr=0.3$ .
, $\mathrm{H}_{2}\mathrm{C}$ . ,
$Pr=0.3$ $Ra_{\mathrm{S}}$ $<R\text{ }<Ra_{\mathrm{H}_{1}}<Ra_{\mathrm{H}_{2}}$ , ,
.
$Ra=Ra_{\mathrm{S}}$ $Ra_{\mathrm{T}}$
2 , 4 , $Ra=Ra_{\mathrm{H}_{1}}$ ,
$Ra_{\mathrm{H}_{2}}$




, BTSC 2 . 2 , $\mathrm{T}$
– , $\mathrm{B}\mathrm{T}$ 4 ,
TSC 2 . $\mathrm{S},$ $\mathrm{T}$
$Ra_{\mathrm{s}}=2106.2,$ $Ra\mathrm{T}=2328.6$ . $\mathrm{S}$ , $\mathrm{T}$
.
, 4 , $\mathrm{O}$
OTA $\mathrm{O}\mathrm{H}_{1}$ , $\mathrm{H}_{1}(Ra_{\mathrm{H}_{1}}=2138.1)$
, HITA . T BT
. $Pr=0.3$ , – TSC $\mathrm{T}\mathrm{S}$
, $\mathrm{S}\mathrm{C}$ $\mathrm{S}\mathrm{H}_{2}$ $\mathrm{H}_{2}(Ra_{\mathrm{H}_{2}}=21464)$
. , $Pr=0.275$
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4: Bifurcation diagrams. $A=10,$ $Pr=0.275$ .




$\text{ ^{}\backslash }\backslash 6$ : Results of numerical simulations. Time evolution of $v_{1}$ and flow field at the oscil:a-
tory state. $Ra=900$ . $(\mathrm{a})$ Time evolution of $v_{1}$ . $(\mathrm{b})$ Flow field.
$\mathrm{O}\mathrm{A}$ . $\mathrm{O}\mathrm{A}$
, $\mathrm{O}$ $\mathrm{O}\mathrm{A}$ $\mathrm{O}\mathrm{H}$ , $\mathrm{H}(Ra_{\mathrm{H}}=832.3)$
, $\mathrm{H}\mathrm{A}$ . ,




$6(\mathrm{a})$ . $v_{1}$ (30)
.
$v_{1}= \frac{\partial\psi}{\partial r}=2\frac{\partial\psi}{\partial\eta}$ . (30)
$6(\mathrm{b})$
.
, $A=10$ , $Pr=0.1$
, $Ra=Ra_{\mathrm{H}}(=832.3)$ , $Ra<Ra_{\mathrm{H}}=832.3$
1 , $Ra>Ra_{\mathrm{H}}=832.3$
( 5 ),
. , $Ra$ $Ra=Ra_{\mathrm{H}}$
, .
6
$\text{ }$ , , ,
$Pr$ , $Ra\mathrm{s}<Ra\mathrm{T}<Ra_{\mathrm{H}}arrow Ra_{\mathrm{S}}<$
12
$g1$ : Critical Rayleigh numbers $Ra_{\mathrm{S}},$ $Ra_{\mathrm{T}}$ and $Ra_{\mathrm{H}}$ for various Prandtl numbers $Pr$ .




0.275 2138.1 21062 23296
0.3 2351.1 20784 22282
0.35 . 20302’
0.4 1980.1 19970
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7: Critical Rayleigh numbers $Ra_{\mathrm{H}},$ $Ra_{\mathrm{S}}$ and $Ra_{\mathrm{T}}$ .
13
$Ra_{\mathrm{H}}<Ra_{\mathrm{T}}arrow Ra_{\mathrm{H}}<Ra_{\mathrm{S}}<Ra_{\mathrm{T}}$ . $0.1<Pr<0.7$
, $Ra_{\mathrm{H},\mathrm{s}}Ra,$ $Ra_{\mathrm{T}}$ 1 , 7 . 7 , $Ra_{\mathrm{H}}$
$Ra_{\mathrm{S}},\cdot Ra_{\mathrm{T}}$ .
$Ra_{\mathrm{H}}$ $Ra_{\mathrm{S}}$ , R $Pr_{\mathrm{c}12}=0.269,$$Pr_{\mathrm{c}}=0.289$
.
$Ra_{\mathrm{H}}=7653$$.7Pr+56.0$ ,
$Ra_{\mathrm{S}}=-1144.8Pr+2421.0$ , $Ra_{\mathrm{T}}=-4040.1Pr+3440.2$ . (31)
. $Pr=0.7,0.3$ $Pr_{\text{ }2}(=0.289)<$
$Pr$ $Ra_{\mathrm{S}}<Ra_{\mathrm{T}}<Ra_{\mathrm{H}}$ , ,
OTB , 4
. $Pr=$ 0.275 $Pr_{\mathrm{c}1}(=0.269)<Pr<Pr_{\mathrm{c}2}$
$Ra\mathrm{s}<Ra\mathrm{H}<Ra_{\mathrm{T}}$ , , OTB







$Ra_{\mathrm{c}2}\sim 7800\cross Pr$ . $Ra_{\mathrm{c}1}$ $Pr>Pr_{\mathrm{c}2}$ $Ra_{\mathrm{S}}$ - ,









, $Aarrow\infty$ $f={\rm Im}(\lambda_{0})/(2\pi)$ $0$ .
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